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Abstract—In the context of in-memory computing, this paper
investigates binary neural networks (BNNs) implemented with
memristor crossbars. A key issue in these architectures is
the difficulty in setting crossbar conductance values with an
arbitrary precision, which introduces computational noise into
the BNN layers. The paper first introduces a theoretical analysis
of the impact of noise on the final computation, deriving an
analytical expression for the error probability at the output
of a BNN layer. This expression is validated through Monte-
Carlo simulations, demonstrating its accuracy in predicting error
probabilities. Furthermore, the paper introduces a novel linear
block code designed to mitigate the effects of noise in conductance
values. This coding scheme is accompanied by a dedicated low-
complexity belief propagation decoder that operates over the set
of integers. Simulation results indicate a significant improvement
in bit error rate for the proposed coding method compared to
hard thresholding.

I. INTRODUCTION

In recent years, in-memory computing has emerged as a
promising paradigm in hardware implementation, offering the
potential to significantly mitigate data transfer bottlenecks
between circuit memories and processors. This advancement
is particularly crucial for artificial intelligence systems, where
such transfers often represent a major impediment to ef-
ficiency. Especially, memristor crossbars [1] have attracted
attention for their ability to perform dot-product computations
in memory, achieved by mapping matrix components to in-
ternal memristor conductance values [2], [3]. This innovative
approach has been demonstrated in proof-of-concept studies
for both deep neural network (DNN) training [4] and inference
tasks [5], [6].

In this work, we specifically investigate binary neural net-
works (BNNs) [7] implemented from memristor crossbars.
BNNs are characterized by their binary weight matrices, where
the output of each layer is determined through XNOR and
PopCount operations. This unique architecture allows for very
efficient hardware implementation while maintaining sufficient
learning performance. Specifically, our focus lies on the mem-
ristor crossbar-based BNN architecture proposed in [8]. In this
design, each memristor can take only two values, denoted
as gON and gOFF and each layer is implemented from two
crossbars that realize the XNOR and PopCount operations.

However, achieving precise internal conductance values in
memristor crossbars is challenging, as highlighted in [2], [3].
This raises a critical question regarding the robustness of
in-memory computing with respect to the noise introduced
in these conductance values. This issue has been addressed

recently in [9]–[11] for full DNNs, considering either quan-
tized [10] or analog [9], [11] conductance values. Theoretical
analyses conducted in these works evaluate the mean-squared
error (MSE) in the presence of noise. However, the MSE
criterion is not directly relevant in the context of BNNs, which
exchange binary values between layers. This is why, in this
paper, we consider instead an error probability criterion.

In addition, the level of noise affecting the crossbar may
sometimes be too high to obtain adequate inference perfor-
mance. We thus propose in this paper a new channel code
construction that can improve the robustness to noise of the
BNN. We then rely on a channel decoder to retrieve the correct
output of the computation. The main difficulty is to develop
a method that preserves the code structure when performing
dot-product computation over integer or real values.

In [12], it was proposed to use non-binary LDPC codes for
robust dot-product computation from memristor crossbars. The
method of [12] considers a bit-slicing structure in which the
computation on each bit position is realized by a dedicated
crossbar. In addition, it considers one non-binary LDPC code
per crossbar, where the order of the non-binary LDPC code
is large enough so that the computation cannot be saturated.
Therefore, the computation structure of [12] is much more
complex than the BNN computation structure of [8], which
only relies on two crossbars. In addition, [13] proposed an
analog code construction which can correct one single outlying
error in the crossbar output vector. In practice, a larger amount
of errors, and not only outliers, should be corrected.

In this paper, we first introduce a theoretical analysis to
evaluate the effect of noise onto the BNN computation, by
providing an analytical expression of the error probability after
a BNN layer. We then propose a linear block code construction
that aims to correct errors introduced by the noise in the
conductance values. The code parity-check matrix has non-
zero component values in the alphabet {−1,+1} and it is
sparse. Therefore, we develop a dedicated belief propagation
(BP) decoder that works over the integer set Z. Simulation
results show the efficiency of the proposed coding solution at
correcting computation errors.

The outline of the paper is as follows. Section II presents
BNN computation from noisy memristor crossbars. Section III
carries the theoretical analysis. Section IV introduces the
proposed code construction, and Section V describes an asso-
ciated decoding algorithm. Section VI discusses the simulation
results and Section VII concludes the paper.
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Fig. 1. Circuit diagram of the memristor crossbar.

II. BNNS IMPLEMENTED WITH MEMRISTOR CROSSBARS

In this section, we first introduce generic dot-product com-
putation from memristor crossbars. We then describe how
memristor crossbars can be used to implement BNNs.

A. Dot-Product Computation from Memristor Crossbars

We consider the memristor crossbar electronic model
of [14], [15], shown in Figure 1. In this model, we use ui

to denote the input voltage on row i. Then, a memristor
with conductance value gi,j connects the i-th row to the j-
th column, with i ∈ J1, LK, j ∈ J1,KK. Each column j ends
with a transimpedance amplifier (TIA), which transforms the
column current into an output voltage vj . We use r to denote
the feedback resistance of the TIA. By resorting to Ohms and
Kirchhoff Laws, the outputs vj can be expressed as

∀j ∈ J1,KK, vj = r

L∑
i=1

gi,jxi . (1)

In addition, as in [8], [16], we consider only two possible
levels gON and gOFF for the conductance values gi,j , where
gON > gOFF.

B. BNNs

We consider a single layer of a feedforward BNN, having
a weight matrix W of size L × K, an input vector x of
length L, and an output vectors z of length K. In BNNs,
the weight matrix W and the vectors x, z, are all binary with
component values in the alphabet {−1, 1}. As a result, all
computation operations should be adapted to remain in the
binary domain [17]. Here, we consider the binary computation
of [7], in which for all j ∈ J1,KK, each output activation zj
is evaluated as

zj = sign

(
L∑

i=1

wi,j ⊙ xi

)
, (2)

where ⊙ is the XNOR operation restated in Table I.

TABLE I
XNOR OPERATION BETWEEN wi,j AND xi

wi,j xi wi,j ⊙ xi

+1 +1 +1
+1 −1 −1
−1 +1 −1
−1 −1 +1

C. BNNs with Memristor Crossbars

As proposed in [8], we can use two memristor crossbars so
as to compute output voltages yj as

yj = r

L∑
i=1

(
g
(+)
i,j − g

(−)
i,j

)
xi , (3)

where one crossbar contains the values g
(+)
i,j , and the other

contains the values g
(−)
i,j . We further set the values g

(+)
i,j and

g
(−)
i,j from the equation (g

(+)
i,j −g

(−)
i,j ) = wi,j(gON−gOFF). The

activation zj is then obtained by binarizing yj :

zj = sign (yj) . (4)

It can be shown that (4) is equivalent to (2).

D. Stochastic Computation Model

One issue with the computation model of (3) and (4) is that
it is difficult to set-up conductance values g

(+)
i,j and g

(−)
i,j with

an arbitrary precision [18]. As a result, in what follows, we
consider random variables G

(+)
i,j and G

(−)
i,j to represent noisy

conductance values, where each G
(+)
i,j or G

(−)
i,j is assumed

Gaussian with mean gi,j ∈ {gON, gOFF} and variance σ2 [3],
[19]. With this notation, the stochastic version of (3) and (4)
can be written respectively as

Yj = r

L∑
i=1

(
G

(+)
i,j −G

(−)
i,j

)
Xi (5)

and Zj = sign(Yj). In the next section, we develop a theoret-
ical analysis so as to evaluate the effect of noisy conductance
values G

(+)
i,j and G

(−)
i,j on the computation of Zj . To perform

this analysis, we assume that the targeted conductance values
gi,j are fixed, since in the inference phase of a BNN, the
weight matrix is always the same at a given layer. On the
contrary, given that input vectors to the layer will change from
one computation to another, we consider that input voltages
Xi are binary random variables taking values in the alphabet
{−V,+V } with P(X = +V ) = q.

III. THEORETICAL ANALYSIS

In this section, we theoretically evaluate the effect of noise
onto the crossbar computation. We first use the MSE criterion
which was considered for DNNs in [10], and then evaluate the
error probability, which is more relevant for BNNs.



A. Mean-Squared Error of Crossbar Computation

Following the same derivation as in [10], we can express
the expectation µj = E[Yj ] and variance γ2

j = V[Yj ] of Yj as

µj = rV (2q − 1)

L∑
i=1

(g
(+)
i,j − g

(−)
i,j ) , (6)

γ2
j = 2r2Lσ2V 2 + 4r2V 2q(1− q)L(gON − gOFF)

2 . (7)

In addition, given that the terms in the sum in (5) are inde-
pendent, and considering that L is large enough, we can apply
the Central Limit Theorem to show that Yj is asymptotically
Gaussian, with mean µj and variance γ2

j .
We can then use µj and γ2

j to express the MSE at the output
of the crossbar as

MSE(Yj) = γ2
j + E

[
(µj − yj)

2
]
, (8)

with

E
[
(µj − yj)

2
]
= 4r2

(
L∑

i=1

(g
(+)
i,j − g

(−)
i,j )

)2

V 2q(1−q). (9)

The MSE can be used as a criterion to evaluate the effect of
noise onto the crossbar computation. In addition, the moment
expressions in (6), (7), will be used to initialize the BP decoder
introduced in Section V.

B. Error Probability

As a more relevant criterion for BNNs, we can consider the
error probability pe of the BNN computation, which is defined
as

pe ≜ P(Zj ̸= zj) = P (sign(Yj) ̸= sign(yj)) . (10)

To evaluate pe, we first remark that Yj in (5) can be rewritten
as

Yj = r

(
L∑

i=1

(
g
(+)
i,j − g

(−)
i,j

)
Xi +

L∑
i=1

(
N

(+)
i,j −N

(−)
i,j

)
Xi

)
≜ r(Uj +Nj) , (11)

where N (+)
i,j and N

(−)
i,j follow Gaussian distributions N (0, σ2).

The random variable Uj is discrete and takes values u =
(−L+ 2k)V (gON − gOFF), where k ∈ J0, LK and

P (Uj = u) =

(
L

k

)
qk(1− q)L−k . (12)

In addition, since N
(+)
i,j and N

(−)
i,j are Gaussian random

variables with zero mean, by resorting to the characteristic
function, we can show that Nj follows a Gaussian distribution
N (0, 2V 2Lσ2).

The error probability pe can then be expressed as

pe = P(−Nj < Uj < 0)+P(0 < Uj < −Nj)+
1

2
P(Uj = 0) .

In this expression, P(Uj = 0) comes from (12), and

P(−Nj < Uj < 0) =
∑
u<0

P(Uj = u)
1

2

(
1− Φ

(
−u√

2LV 2σ2

))
,

P(0 < Uj < −Nj) =
∑
u>0

P(Uj = u)
1

2

(
1− Φ

(
u√

2LV 2σ2

))
,

where Φ is the Gaussian error function. This completes
the calculation of the error probability, which can then be
evaluated numerically directly from the previous formulas.

IV. CHANNEL CODING

We now propose a channel code construction to lower the
effect of noise at the output of a BNN layer. Note that the
code is for Y in (5). Indeed, we cannot decode the outputs
Z directly, due to the non-linearity introduced by the sign
operator.

A. Code Construction

We consider a linear block code with generator matrix C of
size K ×N and parity-check matrix H of size M ×N with
M = N −K. Here, we consider that the components of both
matrices C and H take values in the alphabet {−1, 0,+1}.
This constraint will allow us to derive an integer BP decoder,
presented in Section V. We then set

C = [IK ,−D] (13)

H = [DT , IM ] , (14)

where IK and IM are identity matrices of size K × K and
M × M , respectively, and D is a matrix of size K × (N −
K) with components in the alphabet {−1, 0,+1}. From (13)
and (14), we see that

CHT = 0 . (15)

Contrary to standard linear block codes, this expression is
evaluated from the standard matrix multiplication in R, rather
than using finite-field algebra, which will allow preserving the
code structure through the sum operation in (5).

In what follows, we further assume that the parity-check
matrix H is sparse. The sparsity condition together with the
fact that the components of H take values in {−1, 0,+1}
will allow us to develop a low-complexity BP decoder. In our
simulations, the matrix H will be constructed as an LDGM
code [20], [21], and C will be obtained after identifying the
matrix D in H .

B. Row Encoding

In our construction, as in [13], the rows of the crossbar
are encoded separately in the sense that for row i, (N −K)
additional conductance values g̃i,j will be calculated, with j ∈
JK + 1, NK. Denote by gi = [gi,1, · · · , gi,K ] the i-th row
of the crossbar. Row encoding consists of computing the L
vectors g̃i = giC of length N . Note that following the model
in Section II, the vector elements gi,j take values in the set
{gON, gOFF}. According to (15), we show that

g̃iH
T = 0 , (16)



which of course implies that xig̃iH
T = 0.

We then implement the BNN weight matrix computation
from two crossbars of size L×N that contain the conductance
values defined in the L vectors g̃i. We now consider that
the crossbar outputs a noisy vector Ỹ of length N from the
operation defined in (5).

C. Linear Combinations of Codewords

We use ỹ to denote the vector of length N with components
ỹj =

∑L
i=1 g̃i,jxi. We now show that with the above code

construction, the vector ỹ is a codeword. Consider the product
ỹHT = u, where u is a vector of length M . For m ∈ J1,MK,

um =

N∑
j=1

ỹjhm,j =

N∑
j=1

(
L∑

i=1

g̃i,jxi

)
hm,j . (17)

Since the two sums are standard sums over R, they commute.
Therefore, (16) allows us to write

um =

L∑
i=1

xi

N∑
j=1

g̃i,jhm,j = 0 . (18)

This shows that ỹ is a codeword. Therefore, we now introduce
a BP decoder so as to retrieve ỹ from the noisy output Ỹ.

V. INTEGER BP DECODER

Given that the matrix H is sparse, we can derive a BP
decoder so as to correct errors in the noisy vector Ỹ. The
decoder we propose is close in essence to a non-binary LDPC
decoder, except that it manipulates integers over Z. Since
Z is not a ring, our BP decoder only works given that the
components of H take values in the alphabet {−1, 0,+1}.

A. Tanner Graph

The parity-check matrix H can be represented by a Tanner
graph that connects N variable nodes (VN) to M check nodes
(CN). In the Tanner graph, there is an edge between VN n and
CN m if the component Hm,n is non-zero, and this edge has
label Hm,n. The set of CNs connected to VN n is denoted
Cn, and the set of VNs connected to CN m is denoted Vm.

B. Decoder Initialization

To initialize the decoder, we construct N message vectors
m

(0)
j of length 2∆+1, where ∆ is a parameter of the decoder.

The value of ∆ should be chosen so that 2∆ + 1 covers the
full range of ỹj . For all j ∈ J1, NK, the message vector m(0)

j

is calculated as

∀δ ∈ J−∆,∆K,m(0)
j (δ) = log

P(Ỹj |ỹj = 0)

P(Ỹj |ỹj = δ)
=

δ2 − 2Ỹj

2γ2
j

.

The second equality is obtained by considering that Ỹj is
Gaussian, as discussed in Section III-A. The expression for
γ2
j is provided in (7).

P e

Theoretical, gon=2
Simulations, gon=2
Theoretical, gon=5
Simulations, gon=5
Theoretical, gon=10
Simulations, gon=10

Fig. 2. Comparison of the error probability pe obtained from the theoretical
analysis and from Monte-Carlo simulations.

C. Message Computation

The decoder works in Λ iterations. At iteration ℓ ≥ 1, the
message vector from VN n to CN m is denoted η

(ℓ)
n,m, and

the message vector from CN m to VN n is denoted ν
(ℓ)
m,n.

CN messages ν(ℓ)
m,n are computed in three steps. We first form

messages p
(ℓ)
n,m as

∀δ ∈ J−∆,∆K, p(ℓ)n,m(δ) =
exp

(
−η

(ℓ−1)
n,m (Hm,nδ)

)
∆∑

δ′=−∆

exp
(
−η(ℓ−1)

n,m (δ′)
) .

(19)
We then compute messages q

(ℓ)
m,n as

q(ℓ)
m,n = FFT−1

 ∏
n′∈Vm\n

FFT(p(ℓ)
n,m)

 , (20)

where the operator FFT is the standard Fast Fourier Transform.
At the third step, we compute messages ν

(ℓ)
m,n as

∀δ ∈ J−∆,∆K, ν(ℓ)n,m(δ) = log
q
(ℓ)
m,n(0)

q
(ℓ)
m,n(Hm,nδ)

. (21)

VN messages η
(ℓ)
n,m are then computed as

η(ℓ)
n,m =

∑
m′∈Cn\m

ν(ℓ)
m,n . (22)

At the end of iteration ℓ, we set the estimated value ŷn to be the
value δ that minimizes the sum of messages

∑
m′∈Cn

ν
(ℓ)
m,n(δ)

incoming to node n. The decoder stops after Λ iterations, or
if the stopping criterion ŷHT = 0 is satisfied. This decoder
is similar to a non-binary LDPC BP decoder. The message
initialization as well as VN and CN message calculation are
identical, except that the standard FFT is considered in (20),
instead of the Hadamard transform.

VI. SIMULATION RESULTS

A. Accuracy of the Theoretical Analysis

We first verify the accuracy of the theoretical analysis
proposed in Section III-B, without considering channel coding.



We generate a binary weight matrix with random components
and size K = 10, L = 1000, and we set parameters q = 0.8,
r = 1, V = 1, gOFF = 1. In Figure 2, we show the error
probability pe at the output of the layer with respect to σ,
by considering different values for gON. In this figure, pe was
either calculated from the theoretical analysis, or measured
from Monte-Carlo simulations. In these simulations, pe for
a given pair (σ, gON) was obtained by averaging over 1000
simulations. We first observe the accuracy of the proposed
theoretical analysis, in the sense that in all the considered
cases, the curves for the theoretical pe and for the simulated
pe are superimposed. We also observe that as expected, pe
increases as σ increases, and decreases as gON increases.

B. Code Performance

for a fixed σ2 = 1.0.4t
We now evaluate the performance of the proposed coding

scheme, in terms of BER. We consider the same model as
in Section VI-A for the binary weight matrix. We consider
three setups, which correspond to codes of different length
N . In the first setup, we consider a crossbar with K = 9
and L = 10, and the LDGM code construction of [21], which
contains no short cycles of length 4, with N = 15 and code
rate R = 0.6. In the second setup, we consider a crossbar with
K = 144 and L = 10, and an LDGM code with N = 180
and R = 0.6. In the third setup, we consider a crossbar with
K = 288 and L = 10, and an LDGM code with N = 360
and R = 0.6. The second and third codes were obtained by
quasi-cyclic (QC) extension of the first code, where the QC
coefficients are chosen so as to limit the number of short cycles
in H . For the BP decoder, we consider a message size ∆ =
100, and Λ = 10 iterations.

Figure 3 shows the BER with respect to gON, for the three
setups and for fixed values gOFF = 1 and σ2 = 1. We observe
that the BER after decoding is significantly smaller than the
BER achieved without a channel code, by about two orders
of magnitude in this example. In addition, as expected, we
further observe an additional BER gain when the code length
N increases.

VII. CONCLUSION

In this paper, we considered BNNs implemented from noisy
memristor crossbar, and provided accurate numerical expres-
sions of the error probability at the output of a BNN layer. We
then developed linear block code constructions together with
an integer BP decoder in order to correct error introduced
by the noise in the computation. Future works will include
considering a full BNN with several layers, and evaluating
the overhead in terms of hardware complexity and energy
consumption induced by the proposed code construction.
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